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The goal of p-adic homotopy theory is analogous to the goal of rational 
homotopy theory: to study the p-adic homotopy category, that is the category 
obtained from the category of l-connected pointed spaces by localizing with 
respect to the family of those maps which are equivalences after p-completion. 
Quillen [22] points out that, since the rational homotopy groups of spheres are 
so simple, it is reasonable to expect that there is an algebraic model for rational 
homotopy theory which is much simpler than simplicial sets or simplicial groups. 
He gives such a model in [22]: the category of 2-reduced cocommutative coassocia- 
tive differential graded coalgebras over Q. 
Even though p-completions of the homotopy groups of spheres are not simple 
at all, topologists have been searching for a p-adic analogy of Quillen’s model 
category ever since. In this paper, we give a category which has some, even though 
not all, of the properties of such a p-adic model category. 
To motivate our choice of the candidate model category C, assume for a while 
that C is already given. Then, in particular, on objects of C, there must be defined 
mod p cohomology groups which have products and Steenrod operations and the 
morphisms of C must preserve these operations. Thus, the most optimistic way to 
look for candidates for C is among categories of general algebraic models of 
objects with Steenrod operations. One such category (in many ways the most 
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satisfactory one) was given by Priddy [20] (see also May [16]): it is the category of 
cosimplicial commutative and associative Z/p-algebras. Surprisingly enough, this 
candidate works, with some restrictions. 
Indeed, there is a functor r from simplicial sets to Priddy’s category of 
cosimplicial commutative algebras obtained by taking the dual of the free Z/p- 
module over the simplicial set and the dual of the diagonal coproduct. Now one 
cannot expect r to induce an equivalence of the corresponding homotopy cate- 
gories, because the model category contains too many objects (as will be pointed 
out below). We will show, however, that, with some technical restrictions, the 
induced functor on homotopy categories is injective on isomorphism classes of 
objects. This will be done by showing that the models contain enough homotopy 
information to distinguish the Postnikov tower of the p-completion of the original 
simplicial set. 
To state our main result accurately, we need some basic definitions. In this 
paper, the p-adic homotopy type of a simply connected simplicial set S means the 
homotopy type of the p-completion of the realization I S I. A simply connected 
simplicial set is said to be offinite type if its homology (or, equivalently, homotopy) 
is finitely generated in each dimension. A map 4 : X -+ Y of cosimplicial commuta- 
tive Z/p-algebras is called a quasiisomorphism if it induces an isomorphism in 
cohomology. Cosimplicial commutative Z/p-algebras X, Y are called quasiisomor- 
phic if there are cosimplicial commutative Z/p-algebras X0, X,, . . . , X,, X0 =X, 
X,, = Y and a quasiisomorphism in either direction between Xi, X,+i for each 
0 < i < n. We can now state 
The Main Theorem. Let S, T be simply connected simplicial sets of finite type such 
that TS, rT are quasiisomorphic cosimplicial commutative Z/p-algebras. Then S, T 
have the same p-adic homotopy type. 
We draw a chart of several categories associated in various ways with the Main 
Theorem. The reader will notice that this chart is much less complete and in 
certain points plain different from the analogous chart in Quillen’s paper [22]. 
simplicial sets 
@ sP= 
a 
cosimplicial p-Boolean algebras 
L I I 
V* 
cosimplicial commutative t- simplicial restricted 
algebras Lie algebras 
It 
&I 
commutative IXI -DGA’s 
6 
May algebras. 
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We begin by filling in the remaining categories. We call an (ungraded) commuta- 
tive associative Z/p-algebra A p-Boolean if for each x EA, xp =x. This defines 
the category of cosimplicial p-Boolean algebras. The symbol [x1 refers to a certain 
symmetrical monoidal structure on the category of cochain Z/p-modules which is 
different from (even though quasiisomorphic to) the ordinary tensor product. The 
precise definition is given in Section 6. Thus, the category of commutative 
associative m-differential graded Z/p-algebras in the chart is perhaps the closest 
analogy of Quillen’s model category. Finally, May algebras (see [6,13,14]) are 
Em-algebras (see [12,13]) in the category of cochain complexes of Z/p-modules. 
The significance of May algebras is that they are a foundational category for a 
unified approach to both homological and cohomological operations [5]. 
Before we begin filling in the functors, we explain one feature of the method of 
the present paper. The reader will notice that in the chart, all the algebraic model 
categories are in a contravariant relation to simplicial sets (unlike in Quillen’s 
paper [221). The reason for this is that the main technical tool of the present paper 
is an algebraic analogy of Postnikov towers: a method closer to Sullivan’s approach 
[24] than Quillen’s [22]. Similarly as in Sullivan’s paper, algebraic Postnikov towers 
are much more convenient in the language of algebras than coalgebras. (To 
illustrate the awkwardness of coalgebras, we invite the reader to write down the 
precise dual of the notion of a p-Boolean algebra in the category of cocommuta- 
tive coalgebras.) The contravariance, however, causes a certain restriction of 
generality; concretely, it forces the finite type condition in the Main Theorem. For 
this reason, the chart is only a simplification of what actually happens. 
In reality, the functors @, Spec start out as a duality between finite sets and 
finite p-Boolean algebras (p-completion enters only when passing to the homotopy 
categories). Here Spec has the usual meaning from algebraic geometry (the Zariski 
topology will turn out discrete) and @ is the dual of the free Z/p-module on the 
given set (with the diagonal product). There is no problem with passing to 
simplicial objects, but trying to eliminate finiteness only results in a duality 
between (cosimplicial) p-Boolean algebras and (simplicial) pro-finite sets. To get 
around this, one introduces a finite type homotopy condition on the simplicial set. 
To recover the p-adic homotopy type of the simplicial set from the cosimplicial 
p-Boolean algebra, one can now no longer use Spec. Instead, one introduces a 
notion of an algebraic Postnikov tower of p-Boolean algebras and compares it with 
p-adic Postnikov towers of spaces (= an analogy of the Postnikov tower based on 
k-invariants reduced modulo p). 
As indicated, the functor 1 is the inclusion. Moreover, this inclusion has an 
obvious left adjoint. The adjunction is used in a crucial way in the proof of the 
Main Theorem. However, the force of the adjunction in itself is not sufficient. This 
is because the adjunction does not have optimal homotopical properties. For 
example, the unit of the adjunction is not an equivalence, neither does it preserve 
equivalences. One needs to define and analyze the relationship between algebraic 
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Postnikov towers of cosimplicial p-Boolean algebras and cosimplicial commutative 
algebras. These two notions are quite different. We return to this point later. 
The functor r is the composition I@. 
The functors N and D are equivalences of categories. They are obtained in a 
dual fashion to the usual Moore-Dold-Puppe correspondence between chain 
complexes and simplicial Abelian groups. Without difficulty, the equivalences N, 
D induce an equivalence of the corresponding homotopy categories. 
The existence of the functor p follows from a result of Hinich and Schechtman 
[13]. Not much is known about this functor. The question whether an analogy of 
the Main Theorem can be extended through the functor p remains one of the 
major open problems of p-adic homotopy theory. At the present time, most people 
probably think that this is too optimistic to conjecture. 
Finally, the functor I/* is the dual of the universal enveloping algebra of a 
simplicial restricted Lie algebra. We included this functor in the chart as an 
example of a difference between p-adic and rational homotopy theory. While 
Quillen [22] showed that reduced simplicial Lie algebras are a model category for 
rational homotopy theory (and used the universal enveloping algebra functor as 
one of the equivalences in the proof), p-adically this cannot work. In effect, it 
turns out that the bottom Steenrod operation P” is zero in the reduced cohomol- 
ogy of a restricted Lie algebra, unlike the cohomology of a simplicial set, where we 
always have P” = 1. Thus, the images of the functors @ and I/* are virtually 
disjoint. (These calculations are due to Priddy 119,201; see also May [16, Chapter 
81.1 
The present paper is organized into six sections: 
1. p-Boolean algebras and simplicial sets. In this section, we investigate the 
functors @, Spec. We show that they form a duality in the finite case (Proposition 
1.1) and extend this to the pro-finite case (Proposition 1.6). We also show that free 
cosimplicial p-Boolean algebras are models for Eilenberg-MacLane spaces (Pro- 
position 1.5). 
We also state the fact that the homotopy type of a simply connected simplicial 
set S of finite type is fully encoded in @S (Proposition 1.7). 
2. Postnikov towers of p-Boolean algebras and their geometric realization. In 
Section 2, we cover the questions of representability of cohomology (Section 2.3) 
and basic obstruction theory (Proposition 2.4) for p-Boolean algebras. On these 
foundations, we build the theory of Postnikov towers of p-Boolean algebras 
(Section 2.5). We also give the comparision of these algebraic Postnikov towers 
with p-adic Postnikov towers of spaces (Section 2.6) and prove Proposition 1.7. 
3. Postnikov towers of commutative algebras. In Section 3, we give an analog of 
certain parts of the material of Section 2 for the category of (non-p-Boolean) 
cosimplicial commutative algebras. In Section 3.1, we recall the description of the 
cohomology of a free cosimplicial commutative algebra (Theorem 3.1.2) as proved 
by Priddy [20]. In Section 3.2, we give the construction of the Postnikov tower of a 
cosimplicial commutative algebra. The fact that the relation P” = 1 is absent in the 
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cohomology of free objects causes a peculiar phenomenon in these towers: k-in- 
variants tend to introduce an error term in the cohomological group one dimension 
below the target dimension. An extra step is needed each time to correct this 
error. Thus, Postnikov towers of non-p-Boolean algebras tend to be “twice as 
long” as Postnikov towers of p-Boolean algebras. For example, the cosimplicial 
commutative algebra T&?/p, n> has a two-stage Postnikov tower. 
4. Quasi-p-Boolean algebras - an example. The difference between Postnikov 
towers of commutative algebras and Postnikov towers of p-Boolean algebras has a 
real homotopical meaning. In Section 4, we illustrate this by giving an example of a 
cosimplicial commutative algebra which satisfies P” = 1 but is not quasiisomorphic 
to a cosimplicial p-Boolean algebra (Example 4.4). The example is an application 
of higher order cohomological operations in cosimplicial commutative algebras 
(Lemma 4.3). 
5. Quasi-p-Boolean algebras - the Main Theorem. In Section 5, we give a proof 
of the Main Theorem (5.4, 5.5). This is done by comparing the Postnikov towers of 
commutative and p-Boolean algebras introduced in Sections 3 and 2 (Lemma 5.1, 
Theorem 5.2). Additional segments of the obstruction theory of cosimplicial 
commutative algebra are introduced in the process of the proof (5.6-5.10). 
6. Concluding remarks. In Section 6, we give a treatment of the functors N, D 
in the chart. We also discuss May algebras and the questions involved in the 
possible program for investigating the functor p. 
Remark. After completing the first version of this paper, the author became aware 
that analogous questions were also independently pursued by P. Goerss. (P. 
Goerss’s paper will probably appear in the near future - at the moment, we do not 
have a reference.) While the final results are similar, it appears that P. Goerss’s 
approach is more analogous to Quillen’s rational homotopy theory, while our 
approach is closer to Sullivan’s (even though, at least in this paper, we do not 
develop a theory of minimal models). Finally, a result equivalent to the Main 
Theorem was also previously claimed by Smirnov [23]. However, Smirnov’s account 
is sketchy and apparently, at least partially, wrong (some of its results contradict 
Goerss’s). 
1. p-Boolean algebras and simplicial sets 
For the rest of this paper, fix a prime p > 2. Denote by CA the category of 
commutative associative algebras with unit over Z/p. Such algebras A have a 
Frobenius map + : A +A (I,/J(x) =x”). Call the algebra A p-Boolean if the 
Frobenius map is the identity. Denote the full subcategory of CA on p-Boolean 
algebras by BA, the full subcategory of CA on finite p-Boolean algebras by fBA. 
Further, let S, respectively fS, denote the category of sets, respectively finite sets. 
The following result is well known (and easy to see). 
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Proposition 1.1. For any p, the category fBA is dual (contravariantly equivalent) to 
the category fS of finite sets via the functor CD : fSop -+ fBA given by 
@(?) = Hom(Z/p[?], Z/p). 
The inverse functor of @ is 
Spec : fBA + fSop. 
Explanation. The algebra structure on G,(X) is pointwise. It is trivial to check that 
the image of @ lies in fBA. The fact that Spec on fl3A’s lands in fSop (i.e., that the 
Zariski topology is discrete) is a part of the statement. 
To see how this relates to p-adic homotopy theory, denote the category of 
simplicial objects over a category Cat by scat, the category of cosimplicial objects 
over Cat by s*Cat. By Proposition 1.1, the category sfS is dual to the category 
s*fBA. 
Following Quillen [21], for a category Cat with a distinguished class of mor- 
phisms called equivalences, we call the category obtained by formally inverting 
these equivalences in Cat the homotopy category of Cat and denote it by hCat. 
In s*CA and any of its subcategories, the distinguished set of equivalences in 
this paper will be the set of morphisms which induce an isomorphism in cohomol- 
ogy (such maps are also called quasiisomorphisms). In addition, for any subcate- 
gory Cat L s*CA, we denote by 1Cat the full subcategory of Cat on its simply 
connected objects, i.e., objects with trivial reduced cohomology in dimension < 1. 
Regarding the subcategories Cat of sS, equivalences in this paper, again, are 
defined to be the maps which induce isomorphisms on mod p cohomology. 
Consequently, for simply connected objects, an equivalence will mean a weak 
homotopy equivalence of the corresponding p-adically completed homotopy types. 
Corollary 1.2. The homotopy categories hsfS of simplicial finite sets (with respect to 
equivalence in mod p cohomology ) and hs* fBA of cosimplicial finite p-Boolean 
algebras are dual. 
Example 1.3. For a Z/p-module K, let S[ K] be the free commutative Z/p-algebra 
on K and let F[ K] be obtained from S[K] by factoring through the relation 
x N xp for all x E K. Them F[ K] is a p-Boolean algebra. In other words, the 
relation x = xp for all x E K forces a similar relation on all elements of F[ K]. 
Moreover, F[K] is a free p-Boolean algebra in the sense that F[?] is a left 
adjoint to the forgetful functor from p-Boolean algebras to h/p-modules. In yet 
another language, F[?] is the monad in the category of Z/p-modules associated 
with the category of p-Boolean algebras. On the other hand, there is an obvious 
comonad MC?) associated with the fact that the forgetful functor from Z/p-mod- 
ules to sets is a right adjoint to the free Z/p-module functor. 
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By Proposition 1.1, the monad F[?] and comonad M(?) must be dual in the 
category of finite Z/p-modules, i.e., we must have a canonical isomorphism 
F[K]* =M(K*) (1) 
where K” denotes the dual Z/p-module of a finite Z/p-module K. It is useful to 
express this duality explicitly, say, for the H/p-module K = Z/p. In this situation, 
the duality takes the form 
~WPbl/(~ -x”) a z/p[b/p]* (2) 
where Z/p[Z/pl* denotes the dual of the Hopf algebra Z/p[Z/p]. The map v is 
given by 
~(x)([i]) =i for iEZ/p. 
Note that when proving directly the fact that Y is an isomorphism, we need an 
argument analogous to the proof of (1). 
1.4. The Moore-Dold-Puppe correspondence. Denote by Mod the category of 
Z/p-modules, by CC the category of nonnegatively graded cochain complexes of 
Z/p-modules. Then the categories s*Mod and CC are equivalent via the dual of 
the Moore-Dold-Puppe correspondence. Concretely, the normalization of a 
cosimplicial Z/p-module A is defined by 
(NA), =A,/(min di, i < 4) 
and the denormalization of a cochain complex X is given by 
(ox),=(~N(s)i~xi)/(clx~Y -x@dY) 
where N(q) is the normalized Z/p-valued chain complex of the standard q-sim- 
plex. The functors 
N:s*Mod+CC 
and 
D:CC-+s*Mod 
are inverse equivalences of categories. This is proved as follows: First of all, D is 
left adjoint to N (by an argument dual to the classical case). Now denote for a 
cosimplicial Z/p-module (respectively cochain complex) X by X, the dual simpli- 
cial Z/p-module (respectively chain complex). Denote, further, by N, and D, the 
dual notions to N and D (the classical Moore-Dold-Puppe correspondence). 
Then we have the following relations: 
N,(X,) = (NX), for a cosimplicial Z/p-module X, 
D*(Y*) = (DY)* for a cochain complex Y. 
This implies our claim by the fact that a map whose dual is an isomorphism is an 
isomorphism (apply this to the unit and counit of the adjunction). 
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Proposition 1.5. For a cochain complex of finite Z/p-modules M, Spec F[ DM] is a 
simplicial model for the product of Eilenberg-MacLane spaces K(H, CM)). More 
generally, for a based cochain complex M, Spec F(DM) is a simplicial model for 
KC& (MN. 
Proof. Recall the original Eilenberg-Maclane simplicial model [lo] for K(r, n) 
(see also [4]): The m-simplices are n-cocycles with coefficients in r in the 
normalized m-simplex. (For n = 1, this is exactly the usual bar construction.) 
Putting 7~ = E/p and interpreting r as a cochain complex concentrated in dimen- 
sion n, then Dz- (recall 1.4) is exactly the dual cosimplicial Z/p-module to the 
simplicial Z/p-module K(r, n). Thus, our result for the case M = r follows 
directly from the duality (1.3.2). 
The case of a general M can be handled similarly: one can either directly 
generalize Eilenberg-MacLane’s original argument [lo] or use Dold’s theorem [4]. 
0 
Proposition 1.5 and its analog for non-p-Boolean commutative cosimplicial 
algebras will be of high importance to us in the investigation of algebraic Postnikov 
towers. At the same time, however, we will need to know what happens to 
Proposition 1.1 and its corollaries when finiteness conditions are dropped. This is 
slightly peculiar, even though perhaps not unexpected. 
We recall that for a category Cat, Pro-Cat denotes the category of formal 
projective directed systems (X,) in the category Cat (with appropriately defined 
morphisms and identifications). For details, see Artin and Mazur [2] or Friedlan- 
der [ill. 
Proposition 1.6. The categories BA of p-Boolean algebras and Pro-fS of pro-finite 
sets are dual. 
Proof. It is easy to observe that, denoting by Ind-Cat the dual notion to Pro-Cat, 
the categories BA and Ind-fBA are equivalent. (This follows from the fact that 
finite p-Boolean algebras and finitely generated p-Boolean algebras are the same 
thing.) q 
Remark. Observe that, in 
netted compact Hausdorff 
representation theorem. 
effect, pro-finite sets are the same as totally discon- 
spaces and thus, Proposition 1.6 is a form of the Stone 
Consequently, the categories s*BA and sPro-fS are equivalent and the same 
applies to the homotopy categories (if we define, again, equivalences in sPro-fS as 
maps inducing isomorphisms in continuous mod p cohomology). While there is an 
obvious functor S + Pro-f& inducing a functor sS + sPro-fS, the corresponding 
homotopy categories certainly do not coincide. 
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This is a difference we simply have to learn to live with. 
functors from spaces to non-p-Boolean cosimplicial algebras 
factor through p-Boolean algebras, p-adic homotopy theories 
these categories will carry the same difficulty. 
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Since the cochain 
and May algebras 
based on either of 
For the proof of our Main Theorem, the only connection needed between sS 
and sPro-fS is the following result. 
Proposition 1.7. Simply connected simplicial sets S, T where S is of finite type are 
equivalent if and only if their images in sPro-fS are equivalent. 
While we do not consider this deep fact, curiously enough, we do not have a 
proof which would avoid the use of p-Boolean algebras and algebraic Postnikov 
towers. A proof via p-Boolean algebras will be given in Section 2. 
2. Postnikov towers of p-Boolean algebras and their geometric realization 
Starting with this section, by a p-Boolean algebra we will mean a cosimplicial 
p-Boolean algebra and by a commutative algebra we will mean a cosimplicial 
commutative algebra. Any exceptions from this convention will be either stated 
explicitly or clear from the context. Let, for any graded Z/p-module K, RK 
(respectively _ZK) denote the same Z/p-module with grading shifted by - 1 
(respectively + 1). 
Definition 2.1. A tower of p-Boolean algebras of length (Y (a an ordinal) is a system 
(A,, n 5 a> of p-Boolean algebras together with maps k, : F[K,] -+ A, called 
k-invariants where K, are denormalizations of graded Z/p-modules concentrated 
in a single dimension 2 2 such that 
A n+l =A, @‘F[K,] F[PK,I (1) 
where PK is the denormalization of the acyclic Z/p-cochain complex RNK -% NK. 
Further, for a limit ordinal n, 
A, = lim A,. 
??l& 
2.2. Our main tool for investigating towers will be the Eilenberg-Moore spectral 
sequence. Using the fact that F[K,] is simply connected, one can show that the 
Alexander-Whitney map gives a cochain quasiisomorphism 
B(&, tF[K,I, *) s tA,+r (1) 
where t here denotes the totalization functor from cosimplicial Z/p-modules to 
cochain complexes and B(?, ?, ?> is the two-sided bar construction of May [15]. 
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The salient observation here is that since K, c PK, (denormalization being exact), 
the contractible algebra F[ PK,] is free over F[ K,] (in each dimension separately) 
and hence 
(2) 
The first two equivalences of (2) are proved using obvious spectral sequences 
associated with bounded filtrations (and therefore convergent: recall that a filtra- 
tion is called bounded if, in each dimension degree, the filtration is bounded 
below). The third equivalence of (21, however, is more tricky. Since we are mixing 
the positive grading of the cochain complexes with the negative grading of the bar 
construction, convergence of the spectral sequence needed to establish the third 
equivalence is not automatic. In effect, this is a difficulty one always encounters in 
connection with the Eilenberg-Moore spectral sequence. The argument uses the 
fact that F[ K,] is simply connected and hence there is a vanishing line on the level 
of &-terms. Since this is fairly standard, the details will not be given here. (A 
decent introductory reference on the Eilenberg-Moore spectral sequence is Mc- 
Cleary [181.) 
Next, (1) gives rise to the Eilenberg-Moore spectral sequence 
TorH*FtK,l(H*An, *) 5 H*A,+,. (3) 
This spectral sequence always converges to its target by boundedness of filtration, 
granted that (1) holds. 
2.3. The starting point of understanding algebraic Postnikov towers is a good 
understanding of cohomology. Let A be a g-Boolean algebra and let K be a 
cosimplicial Z/p-module such that NK is concentrated in dimension n. By a 
cocycle in A we mean a cochain map NK + NA. Equivalently, a cocycle is a 
cosimplicial Z/p-module map K + A or a map of p-Boolean algebras 
F[K] +A. 
In the sequel, these three notions will be identified. Now PK having been already 
defined above, define OK by 
NOK = RNK. 
A cocycle c : NK + NA is a coboundary (or cohomologous to zero) if it extends to a 
cochain map NPK + NA, or, equivalently, a cosimplicial map PK + A, or a map of 
g-Boolean algebras 
x:F[PK] +A. 
A map F[ PK] +A is called a cochain. In the above situation, we shall write 
6x = c. From these observations, we arrive at the following statement, which has 
an obvious connection with towers: 
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Proposition 2.4. Consider a map of algebras 4 : X + Y and a cocycle c : F[ K I + X. 
Then the map 4 extends to a map 
$:X8 F[K]F[ PKI + Y 
if and only if the cocycle 4c : F[ K I + Y is a coboundary. Moreover, each such 
extension is determined by a cochain x : F[ PK I --f A such that 6x = &JC. Further, any 
two such extensions specify a difference cocycle 
A:F[flK]-,Y. 
They coincide if and only if the difference cocycle is 0. 
In reference to Proposition 2.4, in the sequel, the extension $ associated with a 
cochain x such that 6x = $IC will be denoted by $1 x. 
2.5. Postnikov towers of p-Boolean algebras. Call a map of (p-Boolean) algebras 
an m-equivalence if it induces an isomorphism in cohomology in dimension I m 
and a monomorphism in cohomology in dimension m + 1. Let X be a p-Boolean 
algebra, and suppose a map of algebras 
&:y, +x 
has been constructed such that 4, is a (k - l)-equivalence but not a k-equivalence 
for some number k > 1. Let Z(+,> and C(+,> be the cylinder and cone of the 
normalization N4,. Thus, we have a diagram of cochain complexes 
where the lowest nontrivial cohomology of C4, is in dimension k. Now consider 
the cocycle 
s:M-‘C(&J 
representing the cohomology of Cc+,> in dimension k. Put K, = DZM and 
denote the transgression 6u,, : K, + Y, by k,. This is the k-invariant 
k,:F[K,]+Y,. 
To obtain a null-cohomology 4,,k, : F[ K,] +X, recall how the transgression is 
constructed: a, lifts to a cochain TV in Z$J, whose coboundary is induced by the 
cocycle k,. Now the projection of 7, into NX gives the required null-homotopy 
x,: F[PK,] -+X. 
Put 
Y n+1= YI @.F[K,]WKl~ 4% =4%hn. 
The Eilenberg-Moore spectral sequence readily implies the following 
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Lemma 2.5.1. The map 4, : Y, + X is a (k - l)-equivalence. Further, the map 
c&I + C4n+l is zero in k-dimensional cohomology . 
In effect, the cohomological data are precisely the same as in the Postnikov 
towers of spaces. In the case of spaces, it is, of course, more customary to work 
with the Serre spectral sequence, but the Eilenberg-Moore spectral sequence 
works just as well (the lowest transgression in the Serre spectral sequence is an 
instance of d, in the Eilenberg-Moore spectral sequence). 
Now a Postnikov tower of a simply connected p-Boolean algebra X is defined 
by letting Ya be contractible and +a be an extension of the unit map * +X. (One 
may, of course, always put Y0 = * , but it is sometimes advantageous to let Y, -+X 
be onto (which is easily achieved), causing each Y, +X to be onto.) 
For a limit ordinal n, put 
Y,= lim Y,. 
m& 
Note that Lemma 2.5.1 has the following immediate consequence, completing out 
construction of Postnikov towers of p-Boolean algebras. 
Lemma 2.5.2. The map 
+J:Ywz+x 
is an equivalence (quasiisomorphism ). 
2.6. Geometric realization of Postnikov towers. In this section, we shall relate the 
Postnikov towers of p-Boolean algebras to p-adic Postnikov towers of spaces. By 
the p-adic Postnikov tower of a simply connected space W we mean the tower of 
fibrations obtained when modifying the construction of the Postnikov tower of W 
by reducing, at each stage, the k-invariant modulo p. At limit steps, we take the 
inverse limit. As a result, we obtain a tower of length w2 whose limit is a 
p-completion of W, at least provided that W has homotopy of finite type. 
Regarding the structure of the p-adic Postnikov tower W+ W,, it is easily 
described as follows: For certain values of n, W, is a member of the actual 
Postnikov tower of l@. Let 
k:W,+K(G, m) 
be the k-invariant in this tower, where G is a finitely generated Z,-module (Zp 
denotes the p-adics). Let, further, 
ki : W, + K(G/p’G, m) 
be the reductions of the k-invariant k. Then W,+i is the fiber of ki for i < w if G 
is infinite and for i 2 s if s is the smallest number such that p”G = 0. At the same 
time, W,+, (respectively W,,,) is the next member of the Postnikov tower of I@. 
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Now suppose X is a p-Boolean algebra together with an equivalence 
x+rs 
for a simply connected simplicial set S of finite type. Suppose (X, +X> is a 
Postnikov tower of p-Boolean algebras. Then the realization of this tower is a 
sequence of equivalences 
where R, are simplicial sets defined as follows: Suppose R,, C#J, are already 
constructed. Then the composition 
kn 
F[K,] -X, *l-R,, 
specifies a map 
R, + SpecF[K,]. 
Put 
R n + 1 = Rn Xspec F[K,] Spec F[ PK, I. 
The map A+ 1 is now defined in the obvious way. To see that +,+ 1 is an 
equivalence, use the Eilenberg-Moore spectral sequence and the fact that the map 
Spec F[ PK,] - Spec F[ K,] is an onto map of simplicial groups and hence a Kan 
fibration (see Quillen [21, Chapter 2, $3, Proposition 1). In addition, this argument 
implies that 
The projection R, + , + R, is a Kan fibration. (1) 
If IZ is a limit ordinal, take 
R,= limR,. 
mtin 
The map 
is simply the colimit of the maps 4, (m < n). 
However, it is not automatic that 4, is an equivalence. Here we use the 
comparision with S. Indeed, it is easy to construct by induction on m canonical 
maps J++, : S + TR, for m I n such that the diagrams 
Spec X - SpecX, (2) 
I 
h 
I 
S-R m 
commute. Now it follows by induction from the cohomological data that 4, is a 
segment of the p-adic Postnikov tower of S. The statement that 4, is an 
equivalence is therefore reduced to the following 
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Lemma 2.6.3. Let A be a simply connected space, let G be a finitely generated 
Z,-module (where Z, denotes the p-adics) and let F, respectively F,, be the homotopy 
fibers of a map LY : A -+= K(G, k), respectively its reduction a,, : A + K(G/p”G, k), 
k 2 2. Then the canonical map 
lim rF,, -+ TF 
* 
is a quasiisomorphism. 
Proof. Use the Eilenberg-Moore spectral sequence and the calculational fact that 
H*(K(G k), UP) = 1 im H*(K(G/p”G, k), Z/p). q 
As an application, we obtain the following 
2.7. Proof of Proposition 1.7. By the material of Section 1, it suffices to prove that 
if, for simply connected simplicial sets S, T of finite type, the associated p-Boolean 
algebras TS, TT are quasiisomorphic as p-Boolean algebras, then S and T are 
equivalent (recall that in our definition this meanssthat the p-completions of S, T 
are homotopically equivalent). 
To reduce the assumption to a simpler case, note that there is a homotopy limit 
construction in p-Boolean algebras (or commutative algebras) which is an exact 
parallel of the homotopy colimit construction in spaces. Moreover, since the 
forgetful functors from p-Boolean algebras to algebras to simplicial Z/p-modules 
preserve limits, the homotopy limits of algebras (or p-Boolean algebras) will have 
the expected homological properties (analogous to the properties of homotopy 
colimits of spaces). 
Thus, if TS, TT are quasiisomorphic as p-Boolean algebras, then there is a 
p-Boolean algebra X together with a diagram 
rdxh- 
where $, +!J are quasiisomorphisms. Now consider the construction described in 
Section 2.6. Denoting 
R = lim R,, 
diagram (2.6.2) gives equivalences 
S+R-+T, 
as required. q 
3. Postnikov towers of commutative algebras 
In this section, we shall develop a theory of Postnikov towers in the category CA 
of commutative cosimplicial algebras. While we will try to proceed in a precise 
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analogy with the last section, we shall see that nature will force some differences. 
The relationship between Postnikov towers in CA and BA will be studied in 
Sections 4 and 5. 
The first step toward developing the theory of Postnikov towers of p-Boolean 
algebras was a thorough understanding of the free objects F[M] (Proposition 1.5). 
Since S[M] cannot be compared with a space, an analogous analysis in the case of 
S[M] simply means calculating the cohomology of S[M]. This was first done by 
Priddy [20] (see Theorem 3.1.1 below). We recall briefly the setup of this result. 
3.1. Cohomological operations and the cohomology of ~1~41. Priddy [19,20] showed 
that there are operations in the cohomology of commutative cosimplicial algebras 
which, in the case of cochain algebras of simplicial sets, coincide with the Steenrod 
operations (see also May [16, Section 71). We recall some of the basic ideas. Let ‘Y 
be an E,-operad in based cosimplicial Z/p-modules and let JZ!’ be the terminal 
operad in the same category; let Y-+.& be the augmentation. Let, for a cosimpli- 
cial based Z/p-module A, T[ Al denote the tensor algebra on A considered as a 
functor from A (the category of finite sets (1,. . . , n} and inclusions) to cosimplicial 
based Z/p-modules: 
T[A](?) =A@(?). 
Then we have a canonical augmentation map 
&J%T[A] *tirT[A] =tS(A). 
Here the passage from a script letter to a print letter indicates the passage from an 
operad to the associated monad, the hat indicates the May-Thomason construc- 
tion (see [17] also [14]) and t is totalization (as above in 2.2.). Now it is known that 
H*VtT[A] = nT,H(Zn, g*(A)@“) =,Y*(Adm(g*(A))) 
where S * indicates the free graded commutative algebra on a graded Z/p-module 
and Adm X for a Z-graded (cohomologically) Z/p-module X is the free Z/p-mod- 
ule on admissible words in P’ and PP’ (if p > 21, i E Z, in homogeneous genera- 
tors of X (this can be done in such a way that Adm is a functor in Z-graded 
Z/p-modules). Consequently, we have an induced map 
$* :S*(Adm(k*A)) +H*S(A). (1) 
If A is a commutative algebra, we can further compose with the map induced by 
the monad action (T : S(A) +A: then u *4* is the cohomological operation map in 
monad form on A. May [16, Theorem 7.91 showed that 
4*(z) = 0 
where I c S ‘(Adrn(g *A)) is the ideal generated by all admissible words contain- 
ing p’P’(x), i < 0. 
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Theorem 3.1.2 (Priddy [20]). The map A : S ‘(Adrn(g *A))/1 + H *S(A) induced 
from 4 * is an isomorphism. 
It is perhaps appropriate to point out the difference between H*S(A) and the 
cohomology of Eilenberg-MacLane spaces. An additive basis of H*S(A) is given 
by words of the form 
wP”Po . . . Pea 
where a E H*(A) and w is an admissible word in the sense of cohomology of 
Eilenberg-MacLane spaces (i.e., admissible in our sense and not containing 
p&P’(x) with i < 0 or E = 0 and i = 0). 
3.2. Postnikov towers of commutative algebras. We recall here once again the 
convention that the term “commutative algebra” (or sometimes simply “algebra”) 
always means “cosimplicial commutative algebra”, unless it is absolutely clear that 
we mean otherwise. 
We first remark that 2.1-2.4 carry over word by word to the world of commuta- 
tive algebras, if we replace everywhere “p-Boolean algebra” by “commutative 
algebra” and “,[?I” by “,[?I”. We shall thus assume these definitions made and 
propositions proved. 
We next describe the theory of Postnikov towers of commutative algebras. 
Before giving the actual details, we remark that, for n 2 1, and for K a Z/p-mod- 
ule concentrated in dimension n, we have 
H”(S[K]) = Z/p[P’] @K (1) 
by Theorem 3.1.2. Further, we shall see that the operation P” in any commutative 
algebra A is induced by the Frobenius map rC, : A + A given by x ++ .xp. 
This will cause an ammusing effect: Postnikov towers of commutative algebras 
will tend to be “twice longer” then Postnikov towers of p-Boolean algebras, 
because, by (lo), for a map Y-+X of commutative algebras, one cannot always 
tailor the k-invariant to immediately fit the lowest deviation in cohomology. In 
effect, one generally has to return one dimension below in the next step to correct 
the error. 
Note that this is somewhat analogous to the phenomenon that p-adic Postnikov 
towers are “infinitely longer” than Postnikov towers: While the effect in the p-adic 
Postnikov towers is caused by the role of the Bockstein, the additional effect in 
Postnikov towers of commutative algebras is caused by the role of PO. 
Call a map of commutative algebras an m-equivalence if it induces an isomor- 
phism in cohomology in dimension I m and a monomorphism in cohomology in 
dimension m + 1. Let X be a commutative algebra, and suppose a map of 
algebras 
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has been constructed such that & is a (k - l)-equivalence but not a k-equiv- 
alence for some number k > 1. Let Z(&,) and C(I$,,) be the cylinder and cone of 
the normalization N&,. Thus, we have a diagram of cochain complexes 
NY, - Z(&,> - C(4,J \ 
where the lowest nontrivial cohomology of C+,, is in dimension k. Let I,!I be the 
Frobenius map. Then N$ commutes with N&n, inducing Frobenius maps on 
Z+,, and C&,. Thus, we have a cohomological operation 
PO: ~k(w,,)) -fqw*n)). 
It will be advantageous to view Hk(C(+,,)) as a Z/p[P’]-module with respect to 
this operation. Now Hk(C(&,)) may not be a free Z/p[P’]-module. But since 
Z/p[PO] is a principal ideal domain, there is always a h/p[P’]-free resolution 
0 + Z/p[ PO] @M, 2 Z/p[ PO] 8 MO 2 Hk(C( &,)) -+ 0 (2) 
for some graded Z/p-modules MO, M, sitting in dimension k. Now consider the 
cocycle 
u2n . MO + cc 42,) 
representing a0 I MO. Put K,, = DJ?M and denote the transgression 8u2,, : 
K2n + y2, by k2n. This is the k-invariant 
k 2n : S[K2,1 + Y2n. 
To obtain a null-cohomology $2nk2n : S[ K,,] -+ X, recall how the transgression is 
constructed: c2,, lifts to a cochain TV,, in Z4,,, whose coboundary is induced by 
the cocycle k,,. Now the projection of TV,, into NX gives the required null-homo- 
toPY 
x2,:S[PK2,] +X. 
Put 
Y 2n+1= Y2n %[K2”]WK2”1’ 42n+1=42nlX2n. 
Now to determine the lowest cohomology of C$2n+ i, one uses the commutative 
analogy of the Eilenberg-Moore spectral sequence (2.2.3). The result is as follows: 
H’(C(4 2n+l))=0 for i<k-1, 
Hkpl(C( 42n+l)) = RKer a0 
(3) 
(recall (2)). One now looks at the cocycle 
~2n+1 :flM, + C(42n+1) 
which represents (pi I M,. Proceeding analogously as above, we get K2n+lr k2n+l, 
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X 2n+l3 Y 2n+2 and & +2. By convention (to preserve parity), we shall agree to 
insert a formal dummy step here in the case that M, = 0. 
Analogously to Lemma 25.1, we now have 
Lemma 3.2.4. The map b2,, +2 : Y2, + 2 + X is a (k - O-equivalence. Further, the map 
w2n -+ C&, +2 is zero in k-dimensional cohomology. 
Proof. The Eilenberg-Moore spectral sequence shows that H’(C(4,,+,)) = 0 for 
i < k ((3) reindexed), implying the first statement. In effect, the same spectral 
sequence implies that the transgression of a,,, vanishes in Hk+ 'Yzn+ i. One 
therefore only needs to account for those classes in Hk(C(+,,)> which come from 
Hk(X>. However, the selection of x2n shows that these classes are in 
Im(HVY,, +i > + Hk(X>>. 0 
Now a Postnikov tower of a simply connected commutative algebra X is defined 
by letting Y0 be contractible and &, be an extension of the unit map * +X. 
For a limit ordinal n, put 
Y,= lim Y,. 
I??& 
Note that Lemma 3.2.4 has the following immediate consequence, completing our 
construction of Postnikov towers of commutative algebras. 
Lemma 3.2.5. The map 
~“2:Yo2+x 
is an equivalence (quasiisomorphism ). 
3.3. Partial Postnikov towers. A useful generalization of the notion of a Postnikov 
tower of commutative algebras is the notion of a partial Postnikov tower. A 
nontrivial application of this notion will be given in Section 5. A partial Postnikov 
tower of a commutative algebra X is defined similarly as its Postnikov tower, 
starting with Y, -+X, Y,, contractible, with the following exceptions. Rather than 
assuming that +2n : Y,, +X is a (k - l)-equivalence, we simply assume that it is 
injective in cohomology in dimensions I k. We next define Y2,,+i, Y2n+2 and all 
the other relevant entities analogously as above, except that, instead of the 
resolution (3.2.2) of Hk(C(&,>>, we take a resolution of a Z/p[P’l-submodule 
L,, of Hk(C(+,,)>. As a result, an analogy of Lemma 3.2.4 will assert that the 
map 42n+2 :Y2n+2 -+X is injective in cohomology in dimension I k and the map 
L 2n + C42n+2 is zero in k-dimensional cohomology. We also assume as a part of 
the definition of a partial Postnikov tower that connectivity is increasing so that the 
map +w~ : Yw2 + X is injective in cohomology (note that this may not be automatic, 
unlike the case of Postnikov towers). 
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Example 3.3.1. If Y + X is injective in cohomology, a Postnikov tower of Y is an 
example of a partial Postnikov tower of X. Indeed, let C (respectively C’) be the 
cochain complex cone of the normalization of the map Y, + Y (respectively 
Y, +X). Then we have a diagram 
7-7-F 
NY, - NX- C’ 
where the map u is injective in cohomology by the 5-lemma. 
We conclude this section with two results which will be needed in Section 5. A 
cosimplicial commutative algebra A will be called symmettical if the homogeneous 
subalgebras A,, A,, A,, . . . in each degree are symmetrical algebras (i.e., isomor- 
phic to algebras of the form S[MI). 
Proposition 3.4. Let (Y,) be a tower of commutative algebras such that Y,, is a 
symmetrical algebra. Then each Y, is a symmetrical algebra. 
Proof. The proposition readily reduces to the following statement: 
Suppose K + S[ Ll is a map of Z/p-modules and suppose that M is 
a Z/p-module containing K. Then S[ L] @s,,,S[M] is 
a symmetrical algebra. 
(1) 
To prove (1) let N be a direct complement of the submodule K in M. It is easily 
seen that the commutative algebra S[LI@J,[,~ S[ M] is isomorphic to S[ L] @ S[ N]. 
0 
Lemma 3.5. Let K be a Z/p-module. Consider the map 
p:S[K] +S[K] 
given by x *x - xp for x E K. Let S[ K],, denote S[ K] considered as an S[ K]-mod- 
ule via the map p. Then S[ K], is a free S[ K&module. 
Proof. If U is a basis of K as a Z/p-module, then the set 
1 and all but finitely many of the 
numbers i(x) are 0 
1 
is a basis of S[K], as an S[ K]-module. 0 
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4. Quasi-p-Boolean algebras - an example 
We offer this section as motivation to the proof of the Main Theorem, which is 
given in Section 5. 
4.1. Call a commutative algebra quasi-p-Boolean if it is quasiisomorphic (in the 
category of commutative algebras) to a p-Boolean algebra. An obvious necessary 
condition for an algebra A to be quasi-p-Boolean is 
in H*(A), PO= 1. (1) 
In this section, we show that the condition (1) is not sufficient, i.e., that there are 
higher obstructions to being quasi-p-Boolean. 
4.2. The counterexamples are constructed by means of higher order cohomology 
operations. Let X be a simply connected commutative algebra and let u : S[ K] + X 
represent a cohomology class, where K is equal to b/p sitting in dimension 
k(2 2). Suppose that 
POu = 2.4, (1) 
pu=o. (2) 
Put 
Yo=Wl, YI =Wl, @S[K]W~l. 
Then (1) assures the existence of an extension 
ui:r, +x. (3) 
There are no secondary operations coming from ui, as H *Y. + H * Yl is onto. In 
effect, by comparison with the bar construction, Yi is quasiisomorphic to F[Kl; 
recall Proposition 1.5 and Theorem 3.1.2. Let u : S[K] + Y, be the characteristic 
class. Then 
(ui)*( VP) is a coboundary (4) 
by (2). Consequently, putting 
Y, = WG @‘S[ZK]WW 
where S[ Klup is S[ K] considered as a S[ %I-module via the map 
@:s[ZK] +Y*, 
there is an extension 
u2. ‘Y, --+x. (5) 
Now computing the Eilenberg-Moore spectral sequence for Y2 in low dimensions, 
we get an exact sequence 
O+Hk(Y,) -+Hk(Y2) -Z/p[P’] -+O. (6) 
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There is a natural splitting of the exact sequence (6) 
s:Z/p[P] +Hk(Y2). (7) 
Indeed, consider the obvious projection $. : S[K] -+ F[Kl. This extends to a 
canonical equivalence $i : Yi + F[K] by letting +i I S[0Kl= 0. Now put 
Z =mab,~~ %&u$[~~~l. 
Then $i canonically extends to a map 
&:Yz+Z. 
But now note that 
P(Z) =P(YJ 
by the Eilenberg-Moore spectral sequence. This gives a splitting of the exact 
sequence (6) in the form Hk(Y,) + Hk(Z> = Hk(Y,) which uniquely determines a 
splitting in the form (7). Combining (5) and (7), we obtain a tertiary operation 
Q(U) EP(X) 
given by 
Q(u) = 441)). (8) 
Now there is indeterminacy, coming from the choices made in (3) and (5). For 
simplicity, we shall assume 
P-‘(x) = 0, (9) 
which eliminates the indeterminacy coming from the choice in ui (the difference 
cocycle is a coboundary). Now it is easy to see from the Eilenberg-Moore spectral 
sequence that adding a difference cocycle to u2 will result in adding Pox -x to u 
for some x E Hk(X). Thus, this indeterminacy will vanish if P” = 1 holds in 
H*(X). Summarizing these facts, we obtain the following result. 
Lemma 4.3. Suppose X is a commutative algebra with Hk-‘(X) = 0 and P” = 1 in 
Hk(X). Then there is a natural well-defined tertiary operation 
@:Hk(X) +Hk(X). 
Moreover, @ = 0 if X is quasi-p-Boolean. 
Proof. All of the statements have already been proved, except the last one. 
Because of naturality, it suffices to show that @ vanishes if X is p-Boolean. But if 
X is p-Boolean, then there is, by formal arguments, a map r : Z +X such that the 
diagram 
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commutes (for suitable choices in (17) and (19)). Then the operation @ vanishes by 
its definition. q 
Example 4.4. Now to construct an algebra X which satisfies P” = 1 but is not 
quasi-p-Boolean, we start with the tower Y,, Y,, Y2. Selecting w EH~(Y~) = (u), 
w # 0, we let the k-invariant 
k,:S[K] +Y2 
be 
k,=s(l) -w. (1) 
Putting Y, = Y, BslKl S[PK], (1) implies 
@(u)=w#O. (2) 
Now continue the tower Y4, Y,, Ye,. . . , YJ by killing, in each step Y, -+ Y,, i, the 
lowest nontrivial cohomology class in H *(YJ outside of (u). Putting X = Yoz, we 
obtain 
Hk(X) = (v>, H’(X) = 0 for i# k, 
while X is not quasi-p-Boolean by (2) and Lemma 4.3. 
Remark 4.5. In the above construction, we made very little concrete use of the 
Bockstein, except perhaps of its dimension (to simplify the argument by controlling 
indeterminacy). Utilizing this idea, it is possible to obtain similar obstructions as @ 
related to higher Bocksteins. 
5. Quasi-p-Boolean algebras - the Main Theorem 
In this section, we give proof of the Main Theorem. Let 4 : Y +X be an 
equivalence with Xp-Boolean, let k : S[ K] + Y be a cocycle. Consider the co&e 
+k : S[K] +X and the map e : F[K] +X induced from +k. Put 
Y’=Y@ s~Kpwl7 
X’=X@ S[K]wa 
X”=X@ F[K]F[ IX 1 
(with respect to the cocycles k, 4k, !I. Then there is a canonical induced mapping 
Cp’ : Y’ + X’. Now note that the cochain 
S[PK] 5 S[PK] +X’ 
is a cocycle, which we call the canonical cocycle p : S[ 0K] + X’ (p is as in Lemma 
3.2). There is a canonical projection p: X’ +X” and we have p/..~ = 0. Conse- 
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quently, if k’ : S[OK] --) Y’ is any cocycle such that $‘k’ is cohomologous to p, 
then, putting 
y” ZZ y’ @ s,f2K,wfw~ 
p$ lifts (nonuniquely) to a map 
4” : y” -3X”. 
Lemma 5.1. 4” is an equivalence. 
A proof of Lemma 5.1 will be given at the end of this section. 
Theorem 5.2. Let <Y, +X> be a partial Postnikov tower of commutative algebras, 
with X p-Boolean. Then there is a p-Boolean tower (X,,) together with maps X,, + X 
and equivalences 4, : Y2,, -+X,, such that there are commutative diagrams 
Y 
@J ?I+, 
2n+2 -x n+l 
T 
Y 2n+l 
I 
T 
Y 
4% 
2n BX II (1) 
In addition, all the triangles formed by any of these maps and the corresponding 
maps into X commute. 
Proof. Suppose 4, is already constructed. Let the k-invariant on Y,, be 
k 2n : S[K,,l -+ Y2, where K,, is the denormalization of a Z/p-module concen- 
trated in dimension k + 1. Then we define the k-invariant on X,, to be the 
reduction e n : F[K,,I +X,. Consider the commutative diagram 
M2rI - NX - CY 2n 
Nx, - NX - cx ” (2) 
where the symbol C? denotes, by abuse of notation, the cone in the category of 
cochain complexes of the normalization of the relevant map of the algebra ? to X 
(where ? will stand for Y2n, X,, etc.). Using diagram (21, one constructs the 
appropriate lifting r : X,, + r + X so that the diagram 
X 
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commutes. Because r is injective in cohomology in dimension I k (by the 
Eilenberg-Moore spectral sequence), the k-invariant 
k 2n+1: m~2,1+ Y2n+l 
goes to 0 in H*X,+,. Thus, one has a lifting Y2, +2 * X,, i. But the diagram 
Y 2n+l -x n+l (3) 
need not commute; instead, it specifies a difference cocycle 
A : S[L%,,I -+X 
by the analogy of Proposition 2.2 for commutative algebras. We next need the 
following claim: 
The natural maps CX,, + CX,, + 1, CY,, -+ CY2n+2 induce 
isomorphisms in cohomology in dimensions I k - 1. (4) 
Indeed, from the Eilenberg-Moore spectral sequence, we have isomorphisms 
H’(XJ +Hi(Xn+l), H’(Y,,) dH’(Y,,+,) for ilk-l. 
Thus, for i <k - 1, H’(CX,) 2 H’(CX,+,), H’(CY,,) 3 H’(CY,,+,). Now con- 
sider the map of exact sequences 
Hk-‘(X,1 - Hk-l(X) - Hk-l(CXn) --% Hk(Xn> 2 Hk(X> 
ffk-l(Xn+l) -Hk-‘(X) --, Hk-l(CXn+l) z Hk(Xn+,> L Hk(X> 
By assumption, (Y, y are mono and hence 6, 6’ are 0. Consequently, E is iso. 
Similarly, for CY,, and CY2n+2 (4) is proved. Consider the diagram of cones 
CX, 5 CY 2n 
1 I\. 
(5) 
C&Z+1 - CY,,+, - CY 2n+2 
Now 02, + 1 is 0 when pushed to H *CY,,, +2. Consequently, it is 0 when pushed to 
H*CX,,,, by (5) and (4). But the image of u2,,+i in H *CX,+, is equal to the 
image of A in H*CXn+I. Consequently, A lifts to X,,, up to cohomology. 
However, by assuming that X,, i +X is onto (see the remarks before Lemma 
2.5.2), a coboundary in X always lifts to a coboundary in X, + 1 (in effect, if x lifts 
to y, then 6z lifts to 6~). Thus, A lifts to X,,, strictly. Now by subtracting the lift 
of A from the lifting Y,,, + 2 + X, + 1 (the commutative analogy of Proposition 2.4), 
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diagram (3) will strictly commute, as required. By Lemma 5.1, the lifting Y2n+2 + 
X n + 1 is an equivalence. 0 
Denote, for a (cosimplicial) commutative algebra Y, 
Y= Y/(xP --XIX E Y). 
Thus, in particular, Y is a (cosimplicial) p-Boolean algebra. There is a canonical 
projection rr : Y + Y. Moreover, this projection enjoyes a universal property be- 
tween maps from Y into p-Boolean algebras. 
Theorem 5.3. Let X be a p-Boolean commutative algebra and let 
be a quasiisomorphism where Y is a symmetrical algebra (see Proposition 3.4). Then 
there is a p-Boolean algebra X’ and a map CT : X’ + Ysuch that CT * maps H *(Xl) 
isomorphically onto Im(r * : H*(Y) -+ H*(Y)). 
Proof. By Theorem 5.2 and Example 3.3.1, it suffices to show that the map 
r*:H*(Y) -H*(Y) 
is injective. However, this is trivial. By universality, the map 4 extends to a map 
Y + X. The induced map in cohomology is a retraction for r *. 0 
We can now proceed with 
Theorem 5.4. Let X, Z be p-Boolean algebras which are quasiisomorphic in the 
category of commutative algebras. Then X, Z are quasiisomorphic in the category of 
p-Boolean algebras. 
Proof. By the second paragraph of the proof of Proposition 1.7, there is a 
homotopy limit construction in the category of cosimplicial commutative algebras 
with the expected homological properties. Consequently, we can assume that there 
is a commutative algebra 
xzyrz. 
By Theorem 5.3, we now 
Y 
Y and a diagram 
have the following diagram: 
= 
JI \ = L 
x-y-z 
A IA/ u 
X’ 
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with X’ p-Boolean. Here the arrows from Y exist by the universal property, while 
the compositions U, u induce isomorphisms in cohomology by Theorem 5.3. •I 
5.5. Proof of the Main Theorem. The Main Theorem is an immediate corollary of 
Theorem 5.4 and Proposition 1.7. 0 
We now proceed to prove Lemma 5.1. First of all, we shall analyze X’. Put _ 
X=X’ 8s,,,,S[POK] via the cocycle p : S[L!Kl +X’. Since pp = 0 (recall the 
notation in the paragraph before Lemma 5.0, there is a canonical lifting of p 
Lemma 5.6. A is an equivalence. 
Proof. Consider the exact sequence of cosimplicial Z/p-modules 
O+K-+PK+L!K-+O. 
Consider any (noncosimplicial) splitting 
a:flK~ UGPK. 
Then, noncosimplicially, 
X’EX@ S[U]. 
If \ : PK + X’ is the canonical inclusion, then, since X is p-Boolean, 
k(x--xP) =/J(x). 
In particular, X’ is a free S[OK]-module via p. We conclude that the map 
X’ c~,,~,,S[P~K] -+X’ C9s[nKI * =X” 
is an equivalence, by comparison with the corresponding bar constructions. This 
mapis A. 0 
Due to the usual reasons, however, there is more than one choice in the 
homotopy class of the lifting 4” from Lemma 5.1. We present three lemmas in the 
obstruction theory of commutative algebras which will enable us to construct a 
“homotopy inverse” to a general lifting 4”. As a standing hypothesis, we will 
assume that Y is a commutative algebra, u : S[ Kl + Y is a cocycle and Y’ = 
Y @,,,,WKl. 
Lemma 5.7. Zf 4 : Y -+ Z is a map and 4’, $,’ are lifts of 4 to Y’ whose difference 
cocycle is a coboundary , then 4’ and rC, ’ induce the same in cohomology . 
Proof. Let K,, K,, K,, K, be copies of NK isomorphic to NK via fixed 
isomorphisms. For x E NK, we shall denote by xi the image of n in Ki via the 
fixed isomorphism. In this notation, we have PK = D(K, CEI OK,) where the differ- 
p-adic homotopy theory 305 
ential in K, @ finKi is given by dx, =x0. Similarly, put OK = D(K, @ 0X, @ OK, 
@ fl*K,) where the differential in K, @ OK, @ OK, 8 R*K, is given by dx, = dw, 
=x0, dx, =x1 -x2. Note that there are two obvious maps PK + OK defined by 
sending x1 to xi or x2, respectively. 
Now our assumptions give rise to a diagram of the form 
Y’>Y@ s[K]S[OK 1 + 2 
where the two compositions Y’ + 2 are the maps $‘, t,k’, respectively. The two 
maps Y’ + Y @s,,,S[OK I are induced by the two inclusions PK + OK and hence 
induce the same isomorphism in cohomology by comparison with the correspond- 
ing bar constructions. q 
Lemma 5.8. Zf C$ : Y’ + Y’ is a lift of the identity on Y such that the difference 
cocycle of 4 and the identity is cohomologous to an element in H * Y, then 4 is an 
equivalence. 
Proof. First observe that, by Lemma 5.7, it suffices to consider the case 
A : S[RK] + Y. In this case, we claim that 6 is an isomorphism. In effect, its 
inverse is the map whose difference cocycle with the identity is -A. q 
Lemma 5.9. Suppose T : S[ K I + Y is a cocycle cohomologous to u and Y” = 
YC3 sfKIS[ PK] via the cocycle 7. Then there is an isomorphism Y” = Y” which leaves 
Y fixed. 
Proof. Let 6u = u - 7. Let K : PK + Y’, 1 : PK + Y” be the canonical inclusions. 
Define maps (Y : Y’ + Y “, y : Y M -+ Y’ which extend the identity on Y by 
(uIPK = I - u, 
@K=K+u. 
These maps are inverse to each other. 0 
5.10. Proof of Lemma 5.1. First of all, by Lemma 5.7 and by comparision with the 
corresponding bar constructions, it suffices to consider the case Y =X (so that 
Y” =k>. By Lemma 5.9, it further suffices to consider the case k’ = I_L. Since 
A : Y” +X” is an onto equivalence by Lemma 5.6, the difference cocycle between 
4” and A now lifts to Y”. Consequently, we have a commutative diagram 
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where n leaves Y’ fixed. However, the difference cocycle of n and the identity 
lives in Hkp2(Y”), which is isomorphic to Hke2(X) by the Eilenberg-Moore 
spectral sequence. Thus, the result follows from Lemma 5.8. 0 
6. Concluding remarks 
The purpose of this section is to show how the notion of a cosimplicial 
commutative algebra may be, in a purely formal way, regarded as a notion in the 
category of cochain complexes. In relation to this, we mention another such notion, 
called a May algebra [13]. We discuss some motivations for and difficulties in the 
potential program of finding a p-adic homotopy theory based on May algebras. 
6.1. Recall from Section 1 the dual Moore-Dold-Puppe correspondence between 
the categories s* Mod of cosimplicial Z/p-modules and CC of nonnegatively 
graded cochain complexes of Z/p-modules. The functor 8 specifies a symmetrical 
monoidal structure in the category s* Mod. Consequently, the Moore-Dold-Puppe 
correspondence will carry this symmetrical monoidal structure to a symmetrical 
monoidal structure q in the category CC. Concretely, 
XtzY=N(DX@DY). 
The shuffle product 
N(X@Y) +NXsNY 
induces a map X [XI Y--+X 8 Y, which turns out to be a quasiisomorphic surjection. 
The notion of a cosimplicial commutative algebra coincides with the notion of a 
commutative algebra in the symmetrical monoidal category (s* Mod, @>. This 
notion is, diagram by diagram, equivalent to the notion of a commutative algebra 
in the category (CC, !ZI>. But notice that commutative algebras in (CC, c31) are 
defined in exactly the same way as commutative differential graded algebras, with 
the exception that @ is replaced by [XI. We shall call such structures commutative 
rxl-DGA’s. Thus, the Main Theorem has the following reformulation. 
Corollary 6.2. Let S, T be simply connected simplicial finite sets such that NTS, 
NTT are quasiisomorphic commutative [XI -DGA’s. Then S, T have the same p-adic 
homotopy type. 
6.3. An interesting object of study is the category of &,-algebras in the category of 
cochain complexes (= May algebras, [13,14,23]). The interest in May algebras (e.g. 
Deligne [6]) stems from the fact that they incorporate even more homotopy types 
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than the category of cosimplicial commutative algebras, including certain interest- 
ing constructions from algebraic geometry [14]. 
Problem. Is there an analog of the Main Theorem for May algebras? 
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